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ABSTRACT. Let H denote the Paley-Wiener space of entire functions of exponential
type 7 which belong to *(—o0, o) on the real axis. A sequence {A,} of distinct complex
numbers will be called an interpolating sequence for H if TH O I2, where T is the mapping
defined by 7f = { f(,)}. If in addition {A,} is a set of uniqueness for H, then {A,} is called
a complete interpolating sequence. The following results are established. If Re(A,.;)
— Re(\,) = y > 1 and if the imaginary part of A, is sufficiently small, then {A,} is an
interpolating sequence. If |Re(A,) —n| < L < (log2)/7 (-0 < n < o) and if the
imaginary part of A, is uniformly bounded, then {A,} is a complete interpolating sequence
and {e’™'} is a basis for [*(—m, 7). These results are used to investigate interpolating
sequences in several related spaces of entire functions of exponential type.

Introduction. Let H denote the Paley-Wiener space of entire functions f of

exponential type = for which

i = 7 vewra]” <

A sequence {A,} of distinct complex numbers will be called an interpolating
sequence for H if corresponding to each sequence {c,} in /2 there is at least one
function fin H satisfying f(A,) = ¢, (—0 < n < ®). (Unless otherwise stated,
the term sequence in this paper will always mean a two-sided sequence.)

In §§2 and 3 of this paper we study both necessary and sufficient conditions
for a sequence {A,} to be interpolating. For the most part we require that the A,
lie in a strip parallel to the real axis. Under this condition we show that /2 is the
natural sequence space to interpolate with functions in H and a necessary
condition for interpolation is that the A, be separated, that is, |A, — A,| > y for
some constant y > 0 and all n +# k.

A classical theorem of Paley and Wiener [8, p. 13] shows that the Fourier
transform of every function in H vanishes almost everywhere outside (—, ).
Thus f belongs to H if and only if it is of the form

(1) () = % [ s@emar
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98 R. M. YOUNG

for some g in I*(—m, ). It follows that {A,} is an interpolating sequence if and
only if the trigonometric moment problem

) ¢y = % f " geMtdr  (—o < n< )

—

has a solution g in I*(—w,7) whenever 3 |c,|> < oo. The following result was
first established by Boas [3] and later reproved in a more abstract setting by N.
Bari [1]. (See also [10].)

Lemma 1. A necessary and sufficient condition that the trigonometric moment
problem (2) have a solution in I*(—m,w) for every square summable sequence {c,} is
that the inequality

1 r* .
3) A3 e, < 5 [ I3 ayetr
holds for some constant A > 0 and all finite sequences {a,).

Several years earlier, Ingham [7] had established the validity of (3) in the
special case in which the A, are real and satisfy the separation condition
A1 — A, 2 y>1 (00 < n< o). He showed that his result is the best
possible, in the sense that y cannot be taken equal to 1, by demonstrating that
the sequence {A,} given by

M=n—3 A.=-k (1=12...)

does not satisfy (3) for any positive 4. By modifying Ingham’s proof, we are able
to show that {A,} is an interpolating sequence whenever

Re(Ar1) = ReA) 2 y>1 (-0 <n< )

and the imaginary part of A, is sufficiently small. As a corollary we show that if
{A,} is a sequence of points lying in a strip parallel to the real axis and if
Re(A,+1) — Re(A,) > o0 as n — *oo, then for each {c,} in /2 and each 7 > 0
there exists an entire function f of exponential type 7, square integrable on the
real axis, for which f(A,) = ¢, (—0 < n < ).

In their classic treatise, Paley and Wiener showed [8, p.115] that every
sequence of real numbers {A,} which are close to the integers in the sense that
A= n| < L < 1/a? (-0 < n < ) is an interpolating sequence. Moreover,
they showed that every function g in L*(—,#) has a nonharmonic Fourier series
expansion

@ im. 3 c el
glt) = lkl;q:. _EN c, €

with 3 |¢,|* < co. These results were improved by Duffin and Eachus [5] who
showed that A, can be complex and that the constant 1/7? can be replaced by
(log 2) /7. In the present paper we show that {A,} is an interpolating sequence
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whenever |Re(A,) — n| < L < (log2)/m (—0 < n < o) and the imaginary
part of A, is uniformly bounded, and that under these conditions every function
in I?(—m, ) has the representation (4) with some sequence {c,} in /2.

The main results of §§2 and 3 are used in §4 to investigate interpolating
sequences in several related spaces of entire functions of exponential type.
Specifically, we consider the spaces E? of entire functions of exponential type 7
which belong to I7(—o0, o0) on the real axis. We restrict attention mainly to the
special casesp = l and p = o

1. Background material. Under the inner product
00 —
(£8) = [ f)a()dx,
H is a functional Hilbert space with the reproducing kernel

K(£z) = sin (¢ — 2)/n(¢ - 2).

The functions K(§ n), —o0 < n < oo, form a complete orthonormal system, so
that for each fin H

sin m(z — )
10 = 3 0 T,

By Parseval’s formula

) I = SIS (/€ H).

If f is given by (1), then g is the Fourier transform of f and Plancherel’s theorem
gives

) 2 156Pdx = o [ eGP d
It follows easily from (1) and (6) that
™ |f(x + iy)] < e||f]

for every f belonging to H. Similar estimates show that H is closed under
differentiation and that

®) Il < =lfll - (f € H).

2. Interpolation in H. Let {),} be a sequence of distinct complex numbers. For
each f in H we define Tf to be the sequence Tf = { f(A,)} (o0 < n < ).

Definition. The sequence {A,} is said to be an interpolating sequence for H if
TH D 2. 1t is not difficult to show that if TH D /2, then the unit ball in I can
be interpolated in a uniformly bounded way. In fact, we have the following stronger
result. For a proof see [9, p. 19].
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Lemma 2. Let X be a Banach space, {,} a sequence in the dual space' X’ and T
the mapping on X defined by Tx = {p,(x)}. If TX D I” for some p, 1 < p < oo,
then TM covers the unit ball of IP for some bounded subset M of X.

Definition. The sequence {A,} is said to be separated if there is a constant y such
that |[A, = N 2 ¥ > 0 (n # k).

It is well known [4, p. 101] that if the A, are real and separated and if fis an
entire function of exponential type 7 belonging to I?(—oc0, 00) on the real axis
(0 < p < x), then

S0P < B[ 15,

where B depends only on p, 7 and the separation constant vy. It is no more difficult
to establish the following result, which we state without proof.

Lemma 3. Let {)A,} be a complex sequence satisfying
|Im(>‘n)| <a |An - >‘k| > (n * k)

Jor some positive constants « and y. If f is an entire function of exponential type ,
belonging to I?(—o0, o0) on the real axis, then

SN < B[ |f()lPax,
where B = B(p,1,7, ).

Proposition 1. Let {\,} be a sequence of points lying in a strip parallel to the real
axis. If TH D I\, then {),} is separated.

Proof. Since point-evaluations are continuous linear functionals on H, Lemma

2 shows that there are functions f, in H and a constant M > 0 such that
£ ) = 8, £l £ M (for all n,k). For n # k, we have
=40~ 500 = [ i@z

so that

LS [ 112l < suplf2@) - M = Aul

where the supremum is taken over the straight line segment from A, to A,. If
[Im(\,)| < a, then (7), (8) show that

L< e fall - 1A = Aol
< we™ Al 1A = Al
< Mze™|N, — Mol

and the result follows with y = e™/Ma.
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Corollary 1. Let {\,} be a sequence of points lying in a strip parallel to the real
axis. If TH DO I, then TH C [2.

Since separation is a necessary condition for a sequence of real numbers to be
interpolating, the problem arises to determine if there is a constant y with the
property that {A,} is an interpolating sequence whenever A,,; — A, = v. The
following result will show that {A,} is interpolating whenever y > 1. The proof is
a simple extension of an argument given by Ingham [7].

Lemma 4. Let f(f) = 3y a,e™" where the ), satisfy
©) Re(\;s1) —Re() 2 v> 1,  [Im(,) < e
Then

AZ gl < [T 110k,
where A = 4[1/(1 + 16a%) — e*™/y2].

Proof. If k belongs to L'(—o0, 0) and K(z) = [, k(¢)e”* dt, then
(10) [ k@l P = 3 4,2,K0 = %,).
Letting

k() =cosit, |t] <,
=0, le| > m,
we get K(z) = 4(cos mz)/(1 — 4z2). Since |k(?)| < 1, it follows from (10) that

[ 15@Pa 2 [Slaf KO ~R)

2, amanKO‘m - Xn) ’

where the prime in the summation denotes omission of the term m = n. The
remainder of the proof is devoted to obtaining suitable estimates for the two
sums in absolute value above. Since, by (9), |A,, = A,| > Im —nly > 1 (m # n)
and since |cos(x + iy)| < eV, we have

’ By o ’_;__
§ |K(Am-)\n)l 546’2 % 4(m—n)272—1

8e21ra ) 1 462"
.Yz Zdn? - 1 - .Yz .

<
Since 2|a,a,| < la,|* + |a,|*, we get

2 2
mE,n, amEnK(Am —Xn) =40 "%, MIK(AM —Xn)l’

where 0] < 1, and since |K(2)| = |K(-2)),
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5’ 0,8,k ~ %) = 0 S laP{’ 1K - 31}

4’ 2
<.

If we set 8, = Im(),), then

.n\ _ 4 cosh 278, 4
KQiB,) = T 1epr 2 T+ 162

and hence

2 - 4 2
; Iaul K(Au An) 2 1+ 16(122 |an| ’
and the proof is complete.

Theorem 1. Let {\,} be a complex sequence satsifying

Re(\s1) —Re(V) 2 v > 1,
ImA)]| <a (-0 <n< )
Then {A,} is an interpolating sequence for all sufficiently small values of a.

Proof. The result follows immediately from Lemmas 1 and 4 since the value of
A given in the statement of Lemma 4 approaches 4(1 — 1/y?) > 0asa — 0.

Remark. Shapiro and Shields have shown [10, p. 532] that if {A,} is a separated
sequence of real numbers and if 3 |c,|> < a0, then for each a > 0 there
corresponds a function f analytic in the strip D: |y| < a, with finite area norm

(11) J[1f@PRaxdy < w,
D

such that f(A,) = ¢, (—o0 < n < o0). Since (11) is satisfied for each function in
H, an obvious extension of Theorem 1 shows that f may in fact be chosen to be
entire of exponential type.

Theorem 2. Let {A,} be a sequence of distinct points lying in a strip parallel to the
real axis and suppose that Re(),,,) — Re(A,) = o0, n = *o0. Foreacht > 0 and
each sequence {c,} in 12 there exists an entire function f of exponential type T,
belonging to I*(—o0, ) on the real axis, for which f(\,) = ¢, (=0 < n < ).

Proof. Fix 7 > 0 and let H, denote the space of entire functions of exponential
type T which belong to I?(—oo, 0) on the real axis. It follows from Theorem 1
that there exists a smallest integer N > 0 with the property that for each
sequence {c,} in /2 there corresponds at least one function f in H, such that
f(A\,) = ¢ |0l > N.If N = 0 there is nothing to show, so suppose that N > 1.
Choose g in H, such that
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gAy) =1,

g(A,) =0,

We begin by constructing a function A in H, such that

|n| > N,n # N.

(12) hAnv-) =1,  hA,) =0, || 2 N.
If g(Ay_;) = O, then for suitable constants ¢ and m > 1 the function

= 46 [ z- My ]

h(z) [c(z - ’\N-l)m] Ay-1 — Ay
satisfies (12). If g(Ay_;) # O, then A must be obtained by a different method. By
a theorem of Titchmarsh [11] the zeros of g have a positive density, where it is
understood that multiple zeros are counted as many times as their multiplicity
warrants. It is easily shown that {A,} has density zero, so that some zero A of g is
either not in the sequence or else is in the sequence and is a multiple zero of g.
In either case, the function

M1 —=AT g z-A
he) = 7\:4'"‘ Ay [SO\N—!) - }:V]

satisfies (12).
Now fix {c,} in /2 and choose fin H, such that f(A,) = ¢, (|n| > N). Let g and
h be chosen as above and define

H@) = f(2) + [en-1 — FAn-1)]A(2).

Then f; belongs to H, and f;(A,) = ¢, (n| > N and n = N — 1). The same
construction gives f € H, such that f,(A,) = ¢, (|n] > N — 1). But this contra-
dicts the choice of N; hence N must be equal to zero, and the proof is complete.

Theorem 3. Let {A,}, n = 1,2, ..., be an interpolating sequence. There exist
positive numbers 8, such that {p,} is an interpolating sequence whenever |\, — p,|
<s,

Proof. It follows from Lemma 2 that there is a constant M > 0 depending only
on {A,} with the property that for each sequence {c,} in the unit ball of /2 there
corresponds at least one function fin H for which f(A,) = ¢, (n = 1,2,...) and
Ifl < M.

Let %, denote the family of all functions f in H for which ||f|| < M. Then (7)
shows that the functions in %; are uniformly bounded on compacta. It follows
that 9, is equicontinuous on compacta and hence in particular on the disk
|z = Aj| < 1. Thus, if 0 < g < 1, there is a corresponding &, = &(g;) such that
I£@) = Q)| <e (2 = A| < &), uniformly for all f in . In addition, & may
be chosen small enough so that the disk |z — A;| < §, intersects {A,} only at A,.
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We are going to show that if [\, — y;| < 8, then {g;,A;, A, ...} is an interpolat-
ing sequence. Clearly, it will be enough to show that the unit ball of /2 can be
interpolated. More precisely, we will show that for each {c,} with I |c,|2< 1
there corresponds a function A in H for which

Fi(”'l) = O
FI’O‘n) = Cp, n=213..
I£I < M/(1 - &),

Fix , with [\, — | < 8,and let 3 |c,|* < 1. There exists a function g in H such
that

g(An) = Cns "g" <M, n=12....
Since g is in F), [g(y) — g(\))] < &. Also, there exists a function fin H such that

f(}\l)= ls
f(A,,)=0, n=2,3,....
7l < M,

Then f is also in % so that | f(i) — f(\)| < ¢, and hence |f(i)| > 1 — ¢ > 0.
Now, set

F(2) = g() + [ — g)lf @) /f (m)-
Clearly, F is in H, () = ¢, F(\,) = ¢, (n > 1), and

les — g(m)
IAN < llglh + =725 T VI

lg\) — 8(1‘1)'
< llgll + BT Al
SMA+¢g/(1-¢)) = M/(1-g)

The above argument can be repeated with {A,} replaced by {i,As,As,...}.
Thus, we let %, denote the family of all functions f in H for which ||f]|
< M/(1 — ¢). Then %, is equicontinuous on each compact set and for 0 < ¢,
< 1 we find 8, = 8,(¢, &) such that

|:f(2) -fA)l < e (z-%] < 8),

uniformly for all fin %,. We note that 8, is independent of , and may be chosen
so that the disks |z — A;| < § and |z — A;| < &, are disjoint and intersect {A,}
only at A; and A,, respectively. Just as before, we show that whenever |y, — A, |
< &, the sequence {i, 1, A3, Ay, . - . } is interpolating, and that for each sequence
{c,} in the unit ball of /2 there corresponds a function F; in H for which
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E,) =c¢, n=12
EM)=c¢, n>2,
1Bl < M/(1 - &)1 —&)

The above process may be iterated. Thus, given a sequence {¢,}, 0 < ¢, < 1,
we obtain a corresponding sequence {8,}, 8, = 8,(;, ¢z, . - .,€,) > 0, with the
property that for each positive integer N the sequence {p, s, ..., pysAn+1s
Av+2, - . - } is interpolating whenever |A, — ,| < 8, (n = 1,2,...,N), and such
that for every sequence {c,} with 3 |c,|> < 1 there exists a function Fy in H for
which

F;V(p'n)':cu, n=l,2,...,N,

EV(An) = c’l’ n > N’

l 1 LIS 1
l—€|l_62 l—EN.

Imll < M

Now, choose {g,}, 0 < ¢, < 1, so that

and let the corresponding sequence {8,} be determined as above. Fix {y,} with
IAs = pal < 8, (n=1,2,...) and let {c,} belong to the unit ball of /2. For each
positive integer N there exists a function Fy in H such that

E@,) =c¢, n=12...,N,

10 < m I (14 12)

En
< M ex § £n = M
- P n-ll—en )

Since || Fy|| is uniformly bounded, a subsequence of {F} will converge weakly to
a function Fin H for which F(u,) = ¢, (n = 1,2,...). Thus, the unit ball of /2
can be interpolated and the proof is complete.

3. Uniqueness: complete interpolatng sequences.

Proposition 2. Let {A,}, n = 1, 2, ..., be an interpolating sequence. Each of the
Jollowing statements implies the others.
(i) The set of relations f € Handf(\,) =0 (n = 1,2,...) imply thatf = 0,
that is, {A,} is a set of uniqueness for H.
(ii) The exponentials {¢™'} are complete in [*(—m,m).
(iii) The sequence {\,} is contained in no larger interpolating sequence.
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Proof. It follows immediately from the Paley-Wiener representation (1) that (i)
and (ii) are equivalent. Since (ii) clearly implies (iii) it remains only to show that
(iii) implies (ii).

Suppose then that {e’*} is not complete in L?(—, 7) and let A, be distinct from
the A,. We show that {A,}, n = 0, 1, 2, ..., is an interpolating sequence. Since
{e™*} is incomplete there is a function g in L*(~m, ), g # 0, such that

[[e@ema=0, n=17,....

Setting h(z) = =, g(r)e**dt, we have h € H, h # 0, and h(A,) =0 (n = 1,
2,...). If h(Ag) # O, we set F(z) = h(z)/h(N), while if h(Ag) = 0, we take
F(z) = h(z)/A(z — A)", where A and m are chosen so that F(\;) = 1. In either
case, F\g) = 1land FQ\,) =0 (n = 1,2,...).

Fix {c,}, n =0, 1,2, ..., in /2 There is a function G in H with G(\,) = ¢,
(n=12,...). Let

f@) = G@) + [co = GR)IF(2).

Then fisin H and f(A,) = ¢, (n = 0,1,2,...).
Definition. An interpolating sequence satisfying any one of the conditions
listed in Proposition 2 will be called a complete interpolating sequence.

Theorem 4. Let {\,} be a sequence of distinct points lying in a strip parallel to the
real axis. If {Re(A,)} is a complete interpolating sequence, then {\,} is a complete
interpolating sequence.

The proof of Theorem 4 requires the following lemma.

Lemma §. Let A, = a, + if3,, where a, and B, are real and satisfy

au+l_an27>0’ |Bn|SB9 —oo < n < oo.
If {e™*} is complete in I*(—m, ), then {€”*} is also complete in I*(—=, ).

Proof of Lemma 5. An equivalent problem is to show that the completeness of
{ei®+¥} implies that of {ei(=+)}, For this it is enough to show that the only
function in H which vanishes at every point a, + i is identically zero. Arguing by
contradiction, we suppose that for some fin H, f # 0, f(a, + i) = 0 (—0 < n
< o0). Without any loss of generality we may suppose that no a, is an integer
and that f(0) = 1. We are going to exhibit a function g in H with g(A, + i) = 0
(-0 < n< ) and g(0) = 1, thereby contradicting the completeness of
{ei®+i)} Set

Oy O e N TR

For each N we have fy € H, fy(A\, + i) = 0 (|n| < N), and f4(0) = 1. By (5),
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s s 11—k + i)
1P =, £ 15wr = 5 1sor] 11, |14/t

We show that the products

1

N 2 2

1-k/\, +1i)
n=-N|1—k/(a, + i)

are uniformly bounded in N and k. Simple calculations show that

B2 + 2|8,
o + (B, + 1)

2 N

AN+i—k
a,+i—k

a, +i
A +i

n=—N

a, +i

2 2 2
wtif o2 +1 __ B+

TR+ B @+
<1+B8+£28_ A

and

Ati—k

' _ (@ kPt (Bt (@ = kP + (B 1P
a,+i—k

T (g —kP+1l T (a,—kP+1

B+ _ .. B
(a, — k)P + 1 (o, — kP + 1

ERAEE] (e

seol £, [G+ =il )}

Since {a,} is separated and no a, vanishes, the series > a;2 converges and

=1+

Therefore

M o11-k/(\, +i)

1—-kf(a, + i)

n=-N

00 l 0

<2+ 3

1
T TSt Ay (e <k<w.
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It follows that sup||fy|| < oo, so that a subsequence of { fy} converges weakly to

a function g in H for which g(A, + i) = 0 (-0 < n < ) and g(0) = 1.

Proof of Theorem 4. Let A, = a, + iB,. Since {a,} is a complete interpolating
sequence, it follows from Lemma 3 and Proposition 1 that the mapping

T: H - [2 given by Tf = {f(a,)} is continuous, one-to-one, and onto. By

the

open mapping theorem, T has a continuous inverse. Thus, there exists a positive

constant 4 such that

AP < S If@)? (€ H).
By a theorem of Duffin and Schaeffer [6, p. 355] we have

(13) BIfIF < Z IfQ)P
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for some constant B > 0 and all fin H. Now there exist functions g, in H such
that g,(a,) = 8. It follows from Lemma 5 that for each k the sequence of
functions {e™}, ., is incomplete in I?(—, 7). Therefore, we can find functions f,
in H such that f,(A\,) = 8, Fix {c,} in /2 and set Fy(z) = S c.£i(2)
(N = 1,2,...). Since Fy(A;) is equal to ¢, when |k| < N and has the value 0 for
|k| > N, (13) gives
IBE<2 3 1RO <ES kol
N —Bk-—oo N\ '_B-oo k

so that a subsequence of {Fy} converges weakly to a function F € H for which
F\) = ¢ (o0 <k < ).

Corollary 2. Let {A,} be a sequence of points lying in a strip parallel to the real
axis, and suppose that
[ReA,) —n| < L < (log2)/m (0 <n< o)
Then {\,} is a complete interpolating sequence.
Proof. It was shown by Duffin and Eachus [5] that the inequality

(14) IZ caleRetek — em)2, ) < 3 ey

holds for some constant §, 0 < § < 1, and every sequence {c,} in /2. By a
theorem of Paley and Wiener [8, p. 100], {Re(A,)} is a complete interpolating
sequence. The result then follows from Theorem 4.

Theorem 5. Let {A,} be a sequence of points lying in a strip parallel to the real
axis. If{\,} is a complete interpolating sequence, then each function in L*(—m,x) has
a unique expansion of the form

N o
g(®) = lim. I c,eM!.
N—w -N
Moreover, A 3 |c,|* < |Igl}2ewy < B Z lcal?, where A and B are positive con-
stants independent of f.

Proof. It follows from Lemma 1 that the inequality

A 2 lcnlz S "2 c,,e"""]li;(_,,,)

holds for some A > 0 and all finite sequences {c,}. Since {A,} is separated
(Proposition 1), Lemma 3 shows that

(15) 3 If0)P < BlfIP

for some B > 0 and every fin H.
If K, denotes the reproducing function at A,,
sin 7z — A,)

K,() = K(z,\,) = e-%)
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then (15) may be rewritten as

(16) S LK) < BIAP.

Let us set f = 3 ¢, K, where {c,} is a finite sequence. By (16) and the Cauchy-
Schwarz inequality

"f"2 = (fa 2 C,,K,,) = 2 En(f’ Kn)
< 2 lea P22 (£ KV
< [ leal?1V2BV2| £,
so that ||f|? < B S |e,|% Taking the Fourier transform of f we get
(17) A 2 |C,,'2 S "2 cueix""iz(—r,r) S B 2 Icnlz

for every finite sequence {c,} and hence for every sequence in /2. It is a simple
consequence of (17) that each function in I?(—m, ) which lies in the closed linear
span of {¢’™'} has a unique expansion of the form Li.m.y_, J¥y c,e™! with {c,}
in /2. Since the exponentials ™! are complete in L*(—,7) the result follows.

Theorem 6. Let {\,} be a complete interpolating sequence. There exist positive
numbers 8, such that {p,} is a complete interpolating sequence whenever |\, — |
< &,

Proof. Since {A,} is interpolating there is a constant 4 > 0 such that

(18) A 2 |Cn|2 < "2 cnei)w’"i}(-',v)
for every finite sequence {c,}. If §, > 0 is chosen small enough so that

S Ant ipnt ||2 A

El lle™ — || vy < 5
whenever |\, — p,| < 8, (n = 1,2,...), then for every finite sequence {c,}

12 cale™ = )| Fpuy < [Z leal lle™t — ettt ||
(19) S [2 leaPlZ lleMt — e |P]
A
S E 2 |C,,|2.

Combining (18) and (19) we get

"2 c,,(e"‘" - ei'h‘)"i?(-i,') < 5"2 Cnem" ";}(-f,t)

whenever |A, — p,| < 8, (n = 1,2,...). Since {e™} is complete in L*(—m, ), it
follows from a theorem of Boas [2, p. 469] that {¢’+'} is also complete. In
Theorem 3 it was shown that {y,} is interpolating whenever the A, are sufficiently
small, whence the result follows.
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4. Interpolation in E?. We use the standard notation E? to denote the space of
entire functions of exponential type 7 (0 < 7 < c0) which belong to I7(—c0, c0)
on the real axis. For the properties of the spaces E? see [4]. For 0 < p < oo, let

i, = [ [ rera]”,

while for p = oo, let ||fll, = sup|f(x)| (x real).
Definition. A sequence {A,} of distinct complex numbsers is called an interpo-
lating sequence for E? if TE? DO IP. Here we continue to denote by T the mapping

F={fA)}
The following results are derived from Lemmas 2 and 3 in essentially the same
way as Proposition 1 and Corollary 1. The proofs are therefore omitted.

Proposition 3. Let {\,} be a sequence of points lying in a strip parallel to the real
axis. If TE? D I' (1 < p £ ), then {A,} is separated.

Corollary 2. Let {),} be a sequence of points lying in a strip parallel to the real
axis. f TE? D I' (1 < p £ ), then TE? C [I”.

The remainder of this section is devoted to interpolation in E? in the special
casesp = 1l and p = 0.

Theorem 7. Let {A,} be a sequence of points lying in a strip parallel to the real
axis and suppose that there exist functions f, in ED satisfying
) =8, il <M, (all nk).
Then TEYX = I® whenever v > p.
Proof. It is well known [4, p. 82] that for every fin E®

(20) 1£Ce + ) < NIflloe,

so that TE® C I for each + > 0.
Fix {c,}in /®,7 > pand lete = (r — p)/2. We show that the function

) 16) = § e[ BN

belongs to EZ. Clearly, f(A,) = ¢, (o0 < n < ). Let A, = a, + if, and
suppose that |B8,| < aand |¢,]| < N.Form =0, 1,2,..., let S,, be the set of
integers n for which m -1 < |A\,| < m+2 and T, the set of n for which
IA,] < m—1o0r|A,| > m + 2. The method of proof of Proposition 1 shows that
{A,} is separated. Since { 8,} is bounded there is a constant K, independent of m,
such that the number of integers in S, is at most K. For m < |z| < m + 1, write

10 3t ST 3 o[ S
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Since (sin z)/z is entire of exponential type 1 and is bounded by 1 on the real
axis, (20) shows that |(sin z)/z| < elml, Therefore, setting z = x + iy, we have

|f(2)] < NM exp(ulyl) "EES_ exp(2e|y — B.l)

LM exp @) s exp(2ely — B,)
(22) 32 nETy |z - A,,lz
< KMN exp((n + 2¢)|y| + 2¢a)

1

-2 —
+ e 2NM exp((n + 2¢)|y| + 2¢a) nezn PESW
We claim that the sums 3,cz, |z — A,|™ have a uniform upper bound for all
m > 0and m < |z] < m + 1. Since {A,} is a separated sequence, our assertion
is immediate when each A, is real, while in the general case the existence of an
upper bound follows readily from the boundedness of Im A,. It follows from (22)
that the series in (21) converges uniformly in each disk 2| < m (m = 1,2,...)
and that, for some constant 4, |f(z)] < 4 exp[(u + 2¢)|y|]. Since 7 = p + 2¢, f
belongs to E* and the proof is complete.

Theorem 8. If {A,} is a real sequence with \,,; — A, > 1 (-0 < n < o), then
TEp? = I® whenever 1 > m.

Proof. That TE® C I is clear. It follows readily from Theorem 1 that {A,} is
an interpolating sequence for E? whenever p > . Indeed, if we set p,
= (u/m)A,, then p,,, — p, > p/m > 1 and Theorem 1 shows that {u,} is an
interpolating sequence for E2. Therefore, given {c,} € /2 there exists a function
g in E2 such that g(g,) = c, for all n. Setting f(z) = g((u/7)z) we see that f
belongs to E2 and f(A,) = ¢, (all n), and this establishes our assertion. Let us
now fix p with 7 < p < 7. Lemma 2 shows that there exist functions f, in E? for
which

SO = du SI:pllﬁ. k<o, (allnk).

From (7) it follows that | f(x)]* < (u/m)||fI§ for all fin E?2 and all real x, so that
sup, || £ L. < 0. The conclusion now follows from Theorem 7.
In the same way we get the following result.

Theorem 9. Let {\,} be a sequence of points lying in a strip parallel to the real
axis and suppose that

[Re(A,) — n] < L < (log 2)/7r‘ (-0 < n < ).
Then TE® = I* whenever v > m.

Theorem 10. The integers are not an interpolating sequence for EY.
Proof. We show that the sequence {c,} given by
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Cyp = 0, n S 09
= (_l)"’ n > 0’

cannot be interpolated. Suppose first that {w,} is an arbitrary sequence in /* and
that wy = 0. If there is an f in E® with f(n) = w, (—o0 < n < ), then
g(z) = f(z)/zis in E2 and ng(n) = w,. If h is any other function in E? for which
zh(z) belongs to EF and nh(n) = w, (—o0 < n < ), then h(z) = g(2)
+ a(sin #z)/7z for some complex number « [4, p. 221]. Thus

@) = z["2 W, sin (z — n) + asin wz]

“on (z—n nz

(23)

is the most general function in EZX with f(n) = w, (n # 0) and f(0) = 0.

A necessary condition that zg(z) belong to EY is that its derivative zg’(z)
+ g(z) be bounded on the real axis [4, p. 206] and hence, in particular, that
ng’'(n) + g(n) be bounded uniformly in n. Since g belongs to E2, g(n) - 0 as
[n| = oo, so that {ng’(n)} must be bounded.

Now, let {c,} be given by (23) and let

s) = 5 E s,

We will show that zg(z) is not bounded on the real axis by showing that
|ng’(n)] > o as n— 0. By the preceding remarks the integers cannot be
interpolating for EZ.

We have

w1 7%(z = n)cos 7z — 7 sin 7z
g =3 T

so that for k > 0,

(=1
k—n’

S |-

g'(k) - = 2

n=lnwk N k—n n=1;n¥%k

. G-7=%)
r=1;nek \ N n—k)

% 1coswk )

kg'(k) = (-1 3

It is not difficult to show that

n-%ik(;_n_k)=(l+§+-..+z)__z

so that |kg’(k)| = o0 as k — oo.

Theorem 11. If {A,} is a real sequence with Ayyy — A, = 1 (—00 < n < ),
then TE! = I' whenever v > .
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Proof. Lemma 3 shows that TE! C [\ It follows just as in the proof of
Theorem 8 that for 7 < p < 7 there exist functions g, in E? with g,(A,) = 0,
and sup,||g,|b < co. If we set ¢ = 7 — p and let

fr.x(z) = g,,(z)(sin 6(2 - A,,))/E(Z - An)’
then f, € E! and f,(\,) = §,. Holder’s inequality shows that

sin &(z — A,)
6k < leall | 22255
and it follows that sup,||f, |} < co.
Now, choose {c,} in /! and set
(24) 10 = § ch@.

Since 3, [lc, fi Il < o0, fbelongs to E!, and Lemma 3 implies that the convergence
in (24) is uniform in each horizontal strip. Therefore, f(A,) = ¢, (—0 <n
< o) and the proof is complete.

It is easy to see that this result is best possible, in the sense that r cannot always
be taken equal to . Indeed, the integers are not an interpolating sequence for E}
for the trivial reason that the nonzero integers are a set of uniqueness. However,
we have the following stronger result.

Theorem 12. The nonzero integers are not an interpolating sequence for E}.

Proof. Lemma 3 shows that point evaluations are continuous linear functionals
on E!. By Lemma 2 it is enough to show that the unit ball of /' cannot be
interpolated in a uniformly bounded way. Since

£@) = n(sinn(z — n))/azz —n) (n #0)

is the unique function in E} with the property that f,(k) = 8, it is sufficient to
show that |||, > o« asn — . Forn >0,

e I A e
n % rk+3/4| sin mx
>3 E fk+l/4 x(x + n)

k+3/4
,‘-.fuw (x x+n)dx

___\/_71 ﬁ[ k+3/4 k+n+l/4]
=2 Bl krn+3a K+ |

Using the relation T'(x + 1) = xI'(x) it easily follows that the infinite product
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above is equal to

[ (1+3/4)2+3/4)---(N +3/4) ]
Q+n+3/49Q2+n+3/4)---(N+n+3/4)

.[(l +n+1/4)---(N+n+ 1/4)]
(1+1/4)---(N+1/4)

— [l + 3/4][2 + 3/4] [n + 3/4]
1+1/all2+1/a n+ 1/4
_ [I‘(l + 1/4)] [I‘(n +1+ 3/4)]
T +3/4JLTr+1+1/4) 1
From the estimate T'(x + 1) ~ (2m)V2x**V2¢™* (as x = o0) we conclude that
T(n+1+3/4)/T(n + 1+ 1/4) > oo (as n = o0), and the proof is complete.

The proof of the next theorem is similar to that of Theorem 11 and is therefore
omitted.

lim
N->oo

Theorem 13. Let {\,} be a sequence of points lying in a strip parallel to the real
axis and suppose that

[Re(\,) = n] KL< (log2)/r (-0 <n< o0)
Then TE} = I' whenever r > .
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